1 0 5 7 for small A>values are given by
1 0 5 7 for small A>values are given by
6-~ka-^i -T h k31alk l+0^-<14>
Since a is known, d can be calculated. Using Eq. (14) for the phase shifts we can calculate the total cross-sections o for the elastic scattering of low en ergy electrons within the fram ew ork of the ThomasFermi theory by means of the well known equation. o = (4 Ji/h2) sin2 d .
In Table 2 we have collected results for o for certain elements belonging to the same groups in the periodic table. Table 2 contains the numerical values of the total cross section for several elements. The results show that o is not a monotonic function of k for small A:-values but neither a complicated function of k. o contains some maxima and minima which means it ahs an oscillatory character of low energy scatter ing of electrons by atoms in the Thomas-Fermi theory.
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wish to thank Professor R. G. B r e e n e , Jr., for inviting me to the West Virginia University as a visit ing Professor and for his assistance in preparing this paper. The Senftleben-Beenakker effect of the viscosity of dilute polyatomic gases is investigated theoretically for the case where an alternating magnetic field parallel to the usual static field is present. The starting point is a set of transport-relaxation equations obtained from the kinetic equation for the one-particle distribution by application of the moment method. The transportrelaxation equations are solved for the viscosity problem and the relevant viscosity coefficients averaged over many periods of the oscillating field are calculated as functions of the frequency of the alternating field and of the magnitudes of both magnetic fields. The importance of the obtained results for the dynamic behaviour of the thermomagnetic gas torque (Scott effect) is discussed.
Kinetic Theory for a Dilute Gas of
The transport properties, in particular heat con ductivity and viscosity of dilute polyatomic gases, are influenced by an external magnetic field 1 (Senft leben-Beenakker effects). It is the purpose of this paper to present a theoretical investigation of the effect of two collinear static and alternating m ag netic fields on th e viscosity of a dilute gas of poly atomic molecules. In view of the close connection between the Senftleben-Beenakker effects for the heat conductivity and viscosity and the "therm o magnetic torque effect" observed for rarefied poly atomic gases2 (Scott effect), such an analysis is also of im portance for recent Scott effect measure m ents3 involving collinear static and alternating magnetic fields. A theoretical analysis of this " dy namic behaviour" of the thermomagnetic torque has already been presented by the authors 4.
The Senftleben-Beenakker effects have been stud ied extensively (both experimentally and theoreti cally) during the last decade; for an excellent re view of the literature see the article by B e e n a k k e r and M c C o u r t 5. Qualitatively, the influence of a magnetic field on the transport properties of poly atomic gases can be understood as follows. In the transport situation, collisions between molecules possessing a nonspherical interaction give rise to an alignment of the internal rotational angular mo menta or to a correlation between rotational and linear momenta of the molecules. This alignment, in turn, affects the value of the transport coeffi cients. Hence if the alignment is (partially) de stroyed by the precessional motion of the rotational angular momentum about the direction of an ap plied magnetic field, the transport coefficients are altered.
For a theoretical treatm ent w ithin the fram ework of kinetic theory one has to start from a kinetic equation or generalized B oltzm ann equation for the one-particle distrib u tion fu n ction characterizing the n on eq u ilib riu m state o f the gas. T he appropriate quantum m echanical k in etic equation fo r gases c o n sistin g o f particles w ith internal rotational degrees o f freedom has first been derived by W a l d m a n n 6 and later indep en d en tly by S n id e r 7> 8. A solution procedure for this k in etic eq u ation which is akin to the C hapm an-E nskog m ethod has been used by M c C o u r t and S n id e r 9 to treat the Senftleben-B eenakker effect on heat con d u ctivity and v iscosity. P reviou sly, K a g a n and M a k sim o w 10 had already treated the influence o f a m agn etic field on the heat con d u ctivity by the sam e m ethod but they started from a (sim p lified ) cla ssica l k inetic equation for a gas o f rotating m olecu les; an exten sion of their w ork to the influence o f a m agnetic field on the v is cosity has been given by K n a a p and B e e n a k k e r n . F or the further developm ent o f the application of the C hapm an-E nskog m ethod to the study o f the Senftleben-B eenakker effects R ef. 5 should be c o n su lted .
A different solution procedure for the quantum mechanical kinetic equation -the moment me thod -has been developed by W a l d m a n n and coworkers 12>13. W ithin the moment method -con trary to the Chapman-Enskog method -one is not restricted to " normal solutions" of the kinetic equa tion. This point is of crucial importance for the study of time-dependent phenom ena; e. g. in the presence of alternating external fields. This paper can be considered as part III of our series on "the kinetic theory for a gas of paricles with spin" . Al though in parts I and II (see Ref. 13) we have mainly been concerned with the " single level case" (molecules with one rotational level; e .g . o-H2 at low tem peratures), in this paper we consider the more general case of rotating molecules which may occupy different rotational energy levels. The in fluence of an oscillating field and of perpendicular static and oscillating magnetic fields on transport properties has previously been investigated by B o r m an et a l .14 The influence of collinear static and alternating magnetic fields on the viscosity has re cently also been studied theoretically by M c C o u r t and M o r a a l 14a.
In this paper, first the coupled transport-relaxation equations for the friction pressure tensor and the tensor polarization of the rotational angular momentum are stated ( §1). Section 2 presents the solution of the viscosity problem in the absence of a magnetic field. Section 3 is devoted to the defini tion of the viscosity coefficients characterizing the viscosity tensor in the presence of a magnetic field. Then, in Section 4, these viscosity coefficients aver aged over many periods of the oscillating field are calculated for the case where two collinear magnetic fields, a static and an oscillating one, are present. Some special cases of the obtained formulae are discussed in Section 5. Finally, the dependence of the viscosity coefficients on the frequency of the alternating field is studied in more detail and the relevance of these results for the dynamic behav iour of the thermomagnetic torque effect is indicat ed ( §6). The Appendix deals with the projection The Senftleben-Beenakker effect is intimately linked with the fact that transport processes in polyatomic gases give rise to an alignm ent of the molecular rotational angular momentum. Hence a quantity characterizing this alignment has to be in cluded in the set of "macroscopic variables" needed to specify the nonequilibrium state of the gas. The usual macroscopic variables required for a treat ment of the viscosity problem are the flow velocity V, the scalar pressure p and the (traeeless) fric tion pressure tensor p . The alignment which is the most im portant one in the presence of a viscous flow in a gas of linear molecules is described by a kind of a (2nd rank) tensor polarization ( R J J ) .
(1.1) Here J is the rotational angular momentum opera tor (in units of h) and R is a scalar function which may depend on the m agnitude of J and of the linear momentum p of a molecule. The symbol designates the anisotropic, i.e . symmetric traeeless (irreducible) part of a tensor. The bracket (...) refers to an average evaluated with the oneparticle distribution operator f(t,X,p,J) of the gas. That is to say
gives the local instantaneous mean value of some operator W = W (p,J). In Eq. (1 .2 ), "T r" denotes the trace over magnetic quantum numbers and sum mation over rotational quantum numbers, and
is the num ber density. It has been discussed e a rlie r15 that it is not pos sible to determine from measurements of the Senft- In Cartesian component notation the isotropic ten sor A (of rank 4) is given by
b) The Transport-Relaxation Equations
By application of the moment method 12>13 to the kinetic e q u atio n 6-8 for the nonequilibrium distri bution operator / the following set of transportrelaxation equations can be derived for p and a : o p + 2poV^ + ft)» ; P + T^2 p0 ft)"T a = 0 , ( Here p0 is the (constant) equilibrium pressure. The "relaxation coefficients" cov , covt and co^ can be expressed in terms of "collision brackets" . These brackets are obtained from the linearized collision operator co(...) of the quantum mechanical kinetic equation. In particular, one has = f ( K j rrC O (Vj^))0, (1.10) (1.11) (1) (2) (3) (4) (5) (6) (7) (8) (9) (10) (11) (12) where V is the linear momentum of a particle in units of V 2 m k T 0. Here m is the mass of a mole cule and T0 is the equilibrium tem perature of the gas. In Ref.
13 the relaxation coefficients have been denoted by co+z, co+f, and a>+ V. The relaxation coefficient a>? for the tensor polarization determ in es the pressure broadening of the depolarized Ray leigh line 17~19. The coefficient co^x which charac terizes the strength of the collision-induced coupling between the friction pressure tensor and the tensor polarization is also of crucial importance for flow birefringence17.
Effective cross sections pertaining to the relaxa tion coefficients can be introduced by
where ". stands for "r]", "rj 71" and "7"'. The "cross section" may be positive or negative, the others are positive. In Eq. (1.13) n 0 is the equi librium num ber density and m12 = | m is the re duced mass of two molecules.
The 2nd term in Eq. (1.9) describes the precessional motion of the tensor polarization of a gas of molecules with a (constant) gyromagnetic ratio y in the presence of a magnetic field H = H h (ft is a unit vector). In Cartesian component notation the 4-th rank tensor J-l is given by J^nv, ix v ~ h).
4" £v).v ^ nix')
(1*14)
where e^x is the isotropic tensor of rank 3 with £i 23 = 1-The product J-l : a is
it essentially describes the infinitesimal rotation of a 2-nd rank tensor about a direction specified by ft.
Some of its further properties are discussed in the Appendix.
Here, as in all previous work on the SenftlebenBeenakker effect it is assumed that the collisions are not affected by the magnetic field.
c) Alternative Form of the Transport-Relaxation Equations
It proves convenient for the treatment of the vis cosity problem to introduce the "friction pressure tensor" P t associated with the tensor polarization by
(1-16) Then Eq. (1.8) can be written in the form
and Eq. (1.9) is equivalent to
where Av< y is given by
Before treating the viscosity in the presence of a constant magnetic field it is instructive to consider the steady state situation where no magnetic field is present.
In steady state the time derivatives of p and a are equal to zero in Eqs. (1 .1 7 ), (1.18). Then, for H = 0, Eq. (1.18) yields P t = AvT p , (2.1) and Eq. (1.17) can be solved for p to give
is the " isotropic viscosity" for the case where no alignment (tensor polarization) would be set up in a viscous flow (Avt = 0 ). The actual viscosity Y ], however, is larger than rj-lS0. Now, if the tensor polarization is partially destroyed by the precessional motion of the rotational angular momenta about an applied magnetic field, the viscosity will decrease and approach its " isotropic" value r]iso . Thus the maximal field-induced relative change of the visco sity turns out to be
Measurements of the Senftleben-Beenakker effect on the viscosity show that A^ is of the order of IO-2 and smaller 5' 20> 21. Hence term s of 2nd and higher power in Avt can be neglected in the viscosity, and Eq. (2.3) can be replaced bŷ
In the presence of a magnetic field the shear viscosity becomes a 4th rank tensor characterized by 5 viscosity coefficients. Before the viscosity is calculated from Eqs. (1.17) and (1.18) the defini tion of a set of viscosity coefficients will be given. § 3. V iscosity Tensor and the D efinition of the V iscosity Coefficients
The choice of the 5 linearly independent viscosity coefficients characterizing the shear viscosity tensor in the presence of a magnetic field is arbitrary to some extent. Here two sets of viscosity coefficients are introduced which have certain advantages for the treatment of the viscosity problem [i. e. for the solution of Eq. (1 .1 7 ), (1 .1 8 )] and which are re lated to measurable quantities in a rather simple way.
The first set of viscosity coefficients (m = 0, + 1, ± 2 ) is defined by 17
where the are 4th rank " projection tensors" with the properties: W ithout a magnetic field one has r]^ = rjM = rj^> and the viscosity tensor is isotropic. A set of real "viscosity" coefficients which characterize the de viation of the viscosity tensor from isotropy can be introduced by ( " trans" refers to " transverse" )
The scalar rj is the viscosity without magnetic field and the coefficients em , £^ans are related to the complex viscosity coefficients by 26 H . H u l s m a n a n d A . L . J. B u r g m a n s , P h y s . L e t t e r s 29 A , where on the right hand side of Eq. (1.18) p has been replaced by its " isotropic value" . This means th at term s of 2nd and higher order in Avt are ne glected. The quantity
is the angle over which the molecular rotational angular momentum precesses during the effective collision time cof" 1. Since coT is proportional to the num ber density one has, for constant tem perature, cp oc H/p0 where p0 is the equilibrium pressure. The solution of (4.2) is most easily obtained by splitting P t into " eigentensors" P t^ of the opera tor TI according to Eqs. (4 .8 ), (4.9) are equivalent to the results first calculated by M c C o u r t and S n id e r 9 for the Senftleben-Beenakker effect of the viscosity.
b) Collinear Static and Alternating Magnetic Fields
Now a magnetic field of the form # (1 +/? sin co 2) h (4.10) is considered. Here H is the magnitude of the con-
The solution of Eq. (4.14) can be written as stant field. The ratio of the m agnitude of the alter nating field (with angular frequency co) to the m agnitude of the constant field is denoted by ß.
In the presence of an alternating magnetic field both p and P t are time-dependent quantities. In a streaming experiment or with the Scott pendulum, however, time-averaged quantities are measured.
The tim e average ä of a quantity a(t) is defined by T a = lim ~ \ a(t) d£.
(4.11)
T-+ oo 1 J For a steady flow (i. e. time-independent) Eq. (1.17) yields p = -2 r y iso V v + Pt .
(4.12)
In order to find P t needed for (4.12) P t (0 has to be calculated first from Eq. (1 .1 8 ).
As in (4 .2 ), p occurring in Eq. (1.18) is re placed by its " isotropic value" . Next, the scalar functions Gm(t) are introduced by Hence in order to determine these viscosity coeffi cients, Eq. (4.14) has to be solved for Gm and then time-average has to be performed.
The initial condition chosen is_GO T(0) = 0 . Since it is the long time-behaviour (r-oo) which determines the value of the time-average Gm the coefficient is not affected by the choice of the initial condition for Gm (t) . Now, use of the formula O O exp{i:r cos y} = I0(x) + 2 2 il h ix) cos ly , Ii(x) = ( -l ) z /*( -:*) (4.20)
where li are Bessel functions of the first kind, and integration over Ax' leads, for x-> oo, to Hence if the frequency m \y \H 1 is very small com pared with the relaxation frequency, eoT , the alternat ing field does not affect the viscosity. More interesting is the low pressure limit Q2 1. In this case one has Notice that em and £^ans as given by (4 .2 1 ), (4.22) or the approximate equations (5 .8 ), (5.10) dis play a pressure dependence via Q = 00/oo^ when plotted as functions of cp or of the ratio H/p0 . Such a pressure dependence also shows up when the influence of a constant magnetic field on the viscosity and the heat conductivity of 0 2 is investigated at low pressures 27. This behaviour may qualitatively be un derstood when it is assumed that the coupling between the electronic spin and the rotational angular momentum is sim ilar to an " internal" oscillating magnetic field. § 6.
Frequency-dependence o f the V iscosity C oefficients and its R elevance for the D ynam ic Therm om agnetic Torque
The relative change of the viscosity coefficients as given by Eqs. (4 .2 4 ), (4.25) depends on the fre quency co of the alternating field via a = y Hjco = ß co-^/co (which is the argum ent of the Bessel functions) and via ß = co/a)T occurring in the factors in front of the If (with I 1). Two dimensionless frequency variables Q o r x = co/mco^ = Q/mcp can be used to discuss the frequency dependence described by Eqs. (4 .2 4 ), (4 .2 5 ). For m<p> 1 when the angular momentum of a molecule makes more than one precession between two collisions, x will turn out to be the m ore convenient variable, but for m^< l it is more convenient to use Q. 
Now, Eq. (4.24) is equivalent to
The factor in front of 112 describes a dispersion like curve which approaches the values 1 and 0 for x~+0 and x-> oo respectively, it vanishes for the " dispersion frequency" x = l~x, and it assumes its maximum and minimum values + \(m (p)~x for x^al~x ( l + (mcp) _1) . Thus Eq. (6.13) describes a set of dispersion-like curves which sit on a " background" determined by 
A p p en d ix
It is the purpose of this Appendix to discuss the connection of the 4th-rank tensor !H and of the p ro jection tensors [cf. (1.14) and (3 .2 ), (3 .3 )] with the active rotation of a 2nd rank tensor about a given direction and with the transform ation of the components of a 2nd-rank tensor under a rota tion of the coordinate system. Furtherm ore, the physical meaning of the viscosity coefficients as introduced in § 3 is studied, i. e. it is indicated how the various coefficients can be measured. Firstly, however, the active rotation of a vector and the transform ation of its components under a rotation of the coordinate system are discussed.
Rotation of a Vector, Projection Tensors of Rank 2
An active infinitesimal rotation of a vector tt by a small angle $ about a direction specified by the unit vector h leads to the vector a' = a + f i H a (A .l) where the 2nd rank tensor H is given by The tensor R('d') describing the active rotation of a vector by the angle # can be written as
Next, a few remarks on the transform ation of the Cartesian components of a vector under the rotation of the coordinate system are in order. Let U (# ) be the orthogonal transform ation m atrix which trans forms the Cartesian components of a vector in the original system to the components in a coordinate system rotated by the angle $ about a direction specified by h. Now, if a vector a is first rotated by an angle and if then the coordinate system is rotated by the same angle the Cartesian components of the rotated vector in the rotated system are the same as that of a in the original coordinate system or The transform ation m atrix t/"v($ ) can also be written in terms of the tensors Pffi. This point is of particular interest if one wants to define the co efficients characterizing the 2nd-rank tensor which links two vectors in the presence of a magnetic field parallel to h in such a way that they rem ain in variant under a rotation of the coordinate system about h. For the heat conductivity tensor, e. g. it is well-known that the coefficients A|| , X± and 2tran8 defined by X = An h h + l ± ( l -h h) +AtransH = A n P (0) + A i ( P ( 1) + P (~1)) (A .15) + ^tra"s*(P(1)-P (-1))
are of this type. Notice that this is a decomposition of a 2nd-rank tensor sim ilar to (A .1 2 ). In analogy to (A.ll) one may introduce complex heat conduc tivity coefficients + 1 X = 2^ ( (The subscripts " ||" , " _L" , "trans" refer to parallel, perpendicular, and transverse with respect to the direction specified by h.)
A decomposition of the viscosity tensor corre sponding to (A .15) or (A.16 ) and the definition of viscosity coefficients which are invariant under a rotation of the coordinate system about It can be obtained by studying the rotation of a 2nd rank tensor.
Rotation of a 2nd Rank Tensor, Projection Tensors of Rank 4
Let A = a a be the 2nd rank tensor constructed from the vector a . An infinitesimal rotation of a as described by (A .l) leads to The definition of the viscosity coefficients intro duced in (3.1) and (3.7) is based on a decomposi tion of the viscosity tensor sim ilar to the decompo sition of £(#) given by (A.28) and (A .29) . The coefficients and em, £mans are invariant under a rotation of the coordinate system about a direc tion parallel to h because ^( $ ) (or !H) commutes with the ^-tensor. The fact that there are 5 linearly independent viscosity coefficients in the presence of a magnetic field is due to the fact that there are 5 projection tensors P^ corresponding to the 5 eigenvalues of the 4th rank tensor !H.
The Friction Pressure Tensor
The irreducible second rank pressure tensor is is, so to say, the mt-p a rt of the Laplacian. The vis cosity has been treated as spatially constant. In the isotropic case 
The Two-dimensional Case
The "part of the friction pressure tensor per pendicular to the magnetic field" has to be defined by p i = ( l -P (°) ) -p -( l -P^) . The real part of vj^ is multiplied by twice the shear tensor irreducible in two dimensions. The 77^-term vanishes if the flow is non-divergent and indepen dent on x3, the coordinate in the magnetic field direction; in that case p i is irreducible in two dimensions. If the flow pattern does not depend on x3 , the force density, derived from (A .39), is
Here, A = V ; V z denotes the two-dimensional Laplacian. The obvious form ula (non-existence of a completely antisymmetric 3rd rank tensor in two dimensions)
has been used in the derivation.
On the Measurement of the Viscosity Coefficients
To find the physical meaning of the viscosity coefficients the hydrodynam ical steady state flow problem has to be solved for a specific experimen tal set-up. However, for the Senftleben-Beenakker effect the deviation of the viscosity tensor in the presence of a magnetic field H from the isotropic viscosity tensor for H = 0 is small (i. e. | em | 1; I £»»ans I ^ 1) • Thus, in first approxim ation, the ve locity field can be assumed to be unaffected by the magnetic field. Then application of a magnetic field gives rise to a change dp = p ( H) -p (0 ) of the sta tic pressure p which can be determined from df = V(5p = 2^ V -|£ (0)P (0)+ 1 [
where V is taken as the flow velocity in the absence of a magnetic field. As a special case the flow through a tube with a flat rectangular cross section is considered. It is assumed that the velocity V (X) can be approxim at ed by that of the flow between flat plates.
Let V and ft be unit vectors parallel to V and perpendicular to the flat plates, respectively. The flow velocity is parallel to the plates (i. e. tl-V = 0) and it depends on X only via y = 1l-X. Thus one may write V(x) =v{y) V and V occurring in Eq. (A.41) is given by V V v = v" {y) n n v (A.42) where the prime denotes differentiation with respect to y. If no-slip boundary conditions are used and without magnetic field, rji" (y) is equal to the pres sure difference between both ends of the tube divid ed by its length. Notice that df = V <5p as given by (A.41) has components parallel to V, ft, and V X fl. So far, the "longitudinal" and the " transverse" magnetic-field induced pressure gradients V-Sf and ( v x tl) 'd f have been measured. H u ls m a n and K n a a p 28 dis cussed recently which linear combination of visco sity coefficients is measured for a given direction of the magnetic field.
i) Longitudinal Pressure Gradient
The longitudinal component of V dp can be de termined in a Wheatstone-bridge arrangem ent as used by E n g e l h a r d t and S a c k 29, B e e n a k k e r et The transverse component of V &P whidh gives rise to a "transverse" magnetic-field induced pressure difference is given by Throughout this paper, the cross-effect between the traceless and the scalar parts of the friction pres sure tensor which may exist in the presence of a magnetic field has been disregarded. It seems worth mentioning that the longitudinal and the transverse components V -V dp and (fix V) • V dp are not af fected by the existence of such an effect. This, however, is not true for the normal component fl-V dp of the magnetic-field induced pressure gradient, as will be explained immediately.
Hi) Normal Pressure Gradient
After (A.41) the component of V dp parallel to fl is given by n-^7 dp where rjv is the volume (bulk) viscosity and £ is a cross coefficient which vanishes for H = 0. Hence, for the non-divergent flow between two flat plates the cross-effect gives rise to an additional static pressure gradient Vpadd = 3 £ v" hy hz n , (A.50) which has only a component parallel to tl. The total static pressure gradient in fl-direction induced by a magnetic field is given by the sum of (A.48) and (A .5 0 ); e. g. if h is perpendicular to II x V one has W -V <5ptot= V v" (ei ~ e2) + V2 £v" for h" = Y 3 ' kz= | / y and fl-V <5ptot= 4 V v"(eo~£2) + f £ v" for A" = A2 = -.
For known £0 , ^ , e2 sudh a measurement could be used to obtain experimental values for £. Subject to the assumption that the tensor polarization is the only type of alignment set up by a viscous flow a theo retical analysis yields £0 = 0 and £ = 0. If other types of alignment are present £0 #= 0 and f =f= 0 is ob tained 9. However, £0 and £/r\ can be expected to be small compared with gj and e2 . 
On Stark Broadening of the Hydrogen Line Ly-a by Strong Electron Collisions
A study of how strong electron collisions will influence the profile of the line core is made with in the framework of the impact theory. To this end the time-dependent Schrödinger-equation de scribing the change of state of the atom during the passage of one perturbing electron is solved numerically down to impact parameters equal to the de Broglie-wavelength 2 . In this range the classical description of the perturbing electrons is assumed to be still valid. In the dipole-only case the solution can be expressed exactly by elementary functions. The line profile clearly shows how important it is to consider the strong collisions. All the different ways of doing this lead to nearly the same results.
1. E in le itu n g U nabhängig voneinander haben BARANGER 1 und G riem und K o lb 2 eine Theorie entwickelt, um die V erbreiterung (und V erschiebung3) 
